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1. Introduction and preliminaries

The triangle inequality is one of the most fundamental inequality in calculus. Many interesting refinements
and reverses of this inequality in normed linear spaces have been obtained (see for instance Dragomir, 2009; Kato
et al. 2007; Maligranda, 2008; Najati and Mohammadi Saem, 2013; Pecaric and Rajic’ 2013).

Theory of linear 2-normed spaces has been introduced by Gahler 1965, and has been developed extensively
in different subjects by others(see Freese and Cho, 2001,).

Definition 1.1 Let X be a linear space of dimension greater than 1 over filed R of real numbers. Suppose ||
.,. llis a real-valued function on X X X satisfying the following conditions:

D Il x,y I= 0if and only if x and y are linearly dependent vectors.

2) I xylI=lly,x |l forallx,y € X.

NNAxyll=]Al I x,y I forallA € Randx,y € X.
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Hlx+yzl<lxzl+lyzlforalxy,zeX.

Then |I.,.|l'is called a 2-norm on X and (X, Il.,. |l is called a linear 2-normed space.
It is known that equality holds for every z € X in definition (1.1) part (4) if and only if x and y are linearly
dependent with the same direction. It is easy to show that the 2-norm ||, .l is non-negative and || x,y + ax [|=||

x,y |l forallx,y € Xand o € R.

A concept which is closely related to 2-normed linear space is 2-inner product space that introduced by
Diminnie, Gahler and White 1973, 1977 .

Definition 1.2 Let X be a linear space of dimension greater than 1 over filed R. Suppose that (.,.|.) is a R-
valued function defined on X X X X X satisfying the following conditions:

1)(x,x|z) = 0 and (x,x|z) = 0 if and only if x and z are linearly dependent.

2)(x,x|z) = (z,z|x)

3)(y, x|z) = (x,y|2)

4)(ax,y|z) = a(x,y|z) for any scalar a € R

5)}x + x,y|z) = (x,ylz) + (X', y|z) (.,.].) is called a 2-inner product and (X, {(.,.|.)) is called a 2-inner
product space(or a 2-per-Hilbert space). Also, (.,.|.) is 2-inner product on X and (X,(.,.]|.}) is called a 2-inner
product space.

We refer to Cho et al. 2001, for some basic properties of 2-inner products spaces. Choonkil Park 2006,
introduced the notion of quasi-2-normed spaces as follows:

Definition 1.3 Let X be a linear space. A quasi-2-norm is a real-valued function on X X X satisfying the
following properties:

D Il x,y I=0ifand only if x and y are linearly dependent vectors.

2) I x,ylI=lly x| forallxy€X.

DIAxyl=|A I x,yllforallA € Randx,y € X.

4)Thereisaconstant K> 1suchthat | x+y,z IS Kl x,z [l +K [l y,z |l forall x,y,z € X.

The pair (X, II.,.1l) is called a quasi-2-normed space if |l.,. [l is a quasi-2-norm on X. The smallest possible K is
called the modulus of concavity of |l., . |l

It follows from (4) that

Sxzl-lyzlIsix-yzl,
and
Slyzl-lIxzisix—yzl,
forallx,y,z € X.
The aim of this paper is to present some refitment of the triangle inequality in quasi 2-normed spaces and
obtain a new characterization of 2-inner product spaces.

2. Some refinement of the triangle inequality in quasi 2-normed spaces

In this section, we establish some generalization of the triangle inequality and its reverse in quasi 2-normed

spaces.
Theorem 2.1 For non-zero vectors X,y and zin a quasi -2-normed space X with z € span{x, y}, we have
Ix+yzISKUxzll+lyzl)—K2-I Izl "yyZ",Z Dmin{ll x,z II, 1| x,z I} (1)
and
Ix+yzl=zUxzl+lyzl)—Q2-< |I v T "yzu ,Z Dmax{ll x,z II, Il 'y, z II}. (2)
where K > 1.
Proof. Without loss of generality we may assume that || %,z ||<|| y,Z |I. Then we have
I x+y, ||yZ||)+II vzl ——II X,Z II ——,z |l
zII——IIszI— z
||y zll”’
”y "t zIl=lxzl)
=Klxz I||| ”XZ” ”yzu zIl+K(l y,z Il +Iixz Il =21 %z )
=Klxzl v ”yzu 2 =2) + Kl y,z | +1 %,z 1I).
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which establishes the estimate (1) Now since

I X+y,Z =0y, z I (IIXZII IIyZII) —(lyz IL—II Xzl
= IIII vzl (IXZII IIyzll) zIl =My zll zl 2|
== II vzl ”XZ” ”yzu zl=(lyzl —II xZ )
II v,z Il e + ”yzu ZI+ly,z Il Hllxz 1l =21 y,z 1)
—II vzl (— I (IIXZII IIyzll) zIl=2)+lyzIl+lxzl).

gives the inequality (2).
Following we give a refinement of inequality (2).

L)‘ 7

I%,zIl

Corollary 2.2 For non-zero vectors X,y and z in a quasi -2- normed space X with z & span{x, y}, we have

Ix+y,zI=K>Uxzl+lyzl)— (K= —
where K > 1.

II%, zII IIy z||’

Proof. Without loss of generality we may assume that || X, z [I<ll y,z Il. Then we have

Kllxzll +lly,zI) <Kl x+yzll +(2K-I lXZ" IIyZII 2Dy, z i
=lx+yzIl+K =D lIx+yzll +2K-I ”XZ" "yzu II) II Al
<l x+yzll+K-DKUxzll +lyzl)+ (ZK—II "XZ” ”yzu
< — —

Ilx+yzll +(K 1)K(2 Il y,z I+ (2K-Il ”XZ" "yzu zID Ny, zll

=lx+yzll +(2K2—II
gives the inequality (3).

zDlyzl.

1%, ZII IIy zIl’

Now, we can used ( 1) and (2) for the following estimation of the 2-angular distance

y
a[x,y;z] =
[xy;z] =I Izl lyzl’ I

between non-zero elements x,y and z in X with z € span{x, y}.

z Dmax{ll x,z I, 1l y,z II}.

Corollary 2.3 For non-zero vectors x,y and z in a quasi-2-normed space X with z & span{x, y}, we have

lIx=y.zIl-K]|lly,zl—lIxzll|
Kmin{llx,zlllly,zIl}
where K > 1.

Kix—y,zl+K]lly,zll—Ix,zll|
max{lIx,zll,lly,zIl}

<afxy;z] <

Theorem 2.4 For non-zero vectors X,y and z in a quasi-2-normed space X with z € span{x, y}, we have

IIx,zll  lly.zll X y
< —
Ix+yzIsKUxzIl+lyzI)— K(Ilyzll 1%,zIl I lyzll ~ lIxzl
and
Ix,zll lly,zll 1 X
> L C A R | p———
Ix+yzlI=llxzll+lyzl (IIyzll izl K Il iyl + "XZ”
where K > 1.
Proof. Without loss of generality we may assume that |l X,z [I<Il y, z . Then we have
1%, ZII IIX.ZII IIx,zll
Ix+y,z 1=l IIy 1= ||x zl +d lly, ||)X’Z I
lIx,zll2
<Klxzll + 2 +K I %z I —K—
IIy z|| IIx zll’ lly,zll
_ _Ixz
=Kixz Il +Klxz Il IIyZII IIszI zl IIszI)
_ _ lIx,zll lly,zll
=KixzIl+Kly, IIxZII zl lly.zll IIx,ZII)
which establishes the estimate (3). Similarly, we have
lyzl || zll lly,zll
Ix+y,z =12 ..ZZ” + A=yl
1 lly,zlI
> = — —
” y,z I IIszI ||x zll’ a4 (ux,zu Ty z 1)
1 A 7]
_” vzl +lyzl ( U IIszI ||x zII oz IIszI)
1 _ Ix,zll _ lly,zll
=lxzli+lyzll +lyz| ( I ly,zl IIx zll’ 2l ly,zl IIx,ZII)'
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gives inequality (4).
Now, we can used (4) and (5) for the following estimation of the 2-skew-angular distance
Blxyiz] =l ———,z |

lyzll  lxzl’
between non-zero elements x,y and z in X with z & span{x, y}.

Corollary 2.5 For non-zero vectors X,y and z in a quasi-2-normed space X with z & span{x, y}, we have

Ix=y,zll y.zll—lx,zll|
x,y;z] <K + K : 6
B[ y ] max{llx,zll,lly,zll} min{llx,zl,lly,zll} ()
and
1 Ix=y,zll y.zll—lx,zll|
Blxy;z] = - — - - (7)
Kmin{lix,zll,lly,zIl}  max{llxzl,llyzl}

where K > 1.

Proof. Without loss of generality we may assume that || x,z I<Il y, z Il. Estimate (5) implies that
| — — 2zl max{ll x,z I, Il y,z II}

lyzll  lxzl’
Ix,zll lly,zll
<Klx-yzIl-KlIxzll-Kllyzl +K(”y—zu—m)maX{ll xz,lyzl}.
Then
X y lly,zll
—_—— zZ zI<Klx—vyzl +K—=— z |l =l xz
I~ 2 My z IS K x—y,z Il K2 Ay z | =l %z 1),
and so
X y lIx=y,zl |lly,zll—1Ix,z]l|
| —— ,Z IS K +
lly,zll 1%,z lly,zll lIx,zIl
Similarly, inequality (4) implies that
X y 1 IIx,zIl
-—,Z XzZlIZz=Ix—vy,zI|l — z|l —llxz
I~z ez izl x=y,z ==y, z =l x,z ),
and so
X y 1lx=yzl [|lyzl-lxzl|
[ - ,Z 1= = - )
lly,zll 1%,z K lxzl lly,zll

which completes the proof.

3. A characterization of 2-inner product spaces

In this section we compare that the a[x,y;z] and B[x,y;z] and will present a necessary and sufficient
condition for a 2-normed space to be a 2-inner product space.

To prove that, we need the following theorem by Soenjaya 2012.

Theorem 3.1 Letx,y,z € Xand a € R. The following statements are equivalent:

(i) X is a 2-inner product space.

(i) x,z =y zllimplies | x +y,z I<I ax, oc‘ly,z || forall a # 0.

([i) I x+y,z I<ll ax+ oy, z || forall a = 0, implies | x,z [I=I y, z |I.

Theorem 3.2 Let X be a real 2-normed linear space. Then X is a 2-inner product space if and only if for each
linear independent vectors X,y and z in X,

alxy;z] < Blxy;z].  (8)

Proof. Let X be an 2-inner product space, X,y and z are non-zero vectors in X with z € span{x, y}. Then we
have

X y 2 X y 2
- A el | - z |l
lly,zll 1%,z lIx,zIl [NgAl
_ X y X y X y X y
= oo "t ol " a1~ (o " o e~ et 17
lly,zIl IIx,zll " ly,zll lIx,zIl lIx,zIl lly,zIl * lIx,zIl NgAl
_ Ixazl* | lyzl®  2(xylz) (||x.z||2 ly.zl®>  2(xy|z) )
lyzlz =~ IxzlZ2  lIxzlllyzl IxzlZ = lyzl?  Ixzllyzl
_ Ixzl® |yl
lly,zllz2 ~ lixzl?
_ (IIX.ZII _ IIy,ZII)z >0
xzll  ly.zl ’

which prove the necessity.
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To prove the sufficiency, let x,y,z € X, X,z I=ll y,z Il and o # 0. From theorem (3.1) it is enough to prove
that
Ix+yzl<ll ax+ a ly,z .
If X,z or y,z be linearly dependent, then proof is clear. Let %,z and y, z are mutually linear independent and

o > 0. Applying inequality (8) to a'/?x and —a~1/2y instead of x and y, respectively, we obtain
al/?x 0(—1/2y al/?x al/zy
I =7 —y V2SI —7 —yr A
al/2lxzll a2y, a2zl am1/2)yzll
Thus
-1
X y ax a y
I + A Szl
1%zl lly,zll lly,zll lly,zll
Since Il x,z I=Il y,z lI# 0, we have
Ilx+yzI<Ilax+aty,z .
Now, let a be negative. Put § = —a > 0. From the positive case, we obtain

I x+yzlI<IBx+B lyzl=llax+alyzl,
which complete the proof.
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